While, to ensure successful cosmology, dark matter (DM) must kinematically decouple from the standard model plasma very early in the history of the Universe, it can remain coupled to a bath of "dark radiation" until a relatively late epoch. One minimal theory that realizes such a scenario is the Atomic Dark Matter model, in which two fermions oppositely charged under a new U(1) dark force are initially coupled to a thermal bath of "dark photons" but eventually recombine into neutral atom-like bound states and begin forming gravitationally-bound structures. As dark atoms have (dark) atom-sized geometric cross sections, this model also provides an example of self-interacting DM with a velocity-dependent cross section. Delayed kinetic decoupling in this scenario predicts novel DM properties on small scales but retains the success of cold DM on larger scales. We calculate the atomic physics necessary to capture the thermal history of this dark sector and show significant improvements over the standard atomic hydrogen calculation are needed. We solve the Boltzmann equations that govern the evolution of cosmological fluctuations in this model and find in detail the impact of the atomic DM scenario on the matter power spectrum and the cosmic microwave background (CMB). This scenario imprints a new length scale, the Dark-AcousticOscillation (DAO) scale, on the matter density field. This DAO scale shapes the small-scale matter power spectrum and determines the minimal DM halo mass at late times which may be many orders of magnitude larger than in a typical WIMP scenario. This model necessarily includes an extra dark radiation component, which may be favoured by current CMB experiments, and we quantify CMB signatures that distinguish an atomic DM scenario from a standard ΛCDM model containing extra free-streaming particles. We finally discuss the impacts of atomic DM on galactic dynamics and show that these provide the strongest constraints on the model. 
I. INTRODUCTION
Although dark matter (DM) has been known to exist for several decades [1] [2] [3] , its physical nature remains one of the deepest mysteries of modern science. Observations show that DM is mostly cold, collisionless and interacts very weakly (if at all) with standard-model (SM) particles. Many models that fit this picture very well have been proposed through the years, including the prominent weakly-interacting-massive-particle (WIMP) models. Distinguishing between these different scenarios is crucial if we have any hope to pinpoint the nature of DM. In this respect, models incorporating new physics that predict novel observational signatures have a clear advantage in disentangling the DM puzzle.
While the cold dark-matter (CDM) paradigm [4, 5] has been extremely successful at describing observations from cosmological scales to galactic scales, recent observations of small nearby galaxies seem to be in tension with the CDM scenario. In addition to the socalled "missing-satellite problem" [6] [7] [8] which refers to the apparent under-abundance of light Milky-Way satellites, observations of the inner mass profiles of Dwarf Spheroidal (dSph) galaxies indicate that they are consistent with a core while CDM simulations favor a cuspier profile [9] [10] [11] [12] [13] . Further, it has been pointed out recently that the most massive galactic subhalos from CDM simulations are too dense to host the brightest Milky Way satellites [14, 15] . While it is plausible that these problems could be alleviated by including the appropriate baryonic physics in CDM simulations [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , these observations may be pointing toward physics beyond the vanilla CDM paradigm.
We adopt here the point of view that the above tensions between the ΛCDM paradigm and the astrophysical observations may be resolved by modifying the microphysics of the DM sector. Various scenarios have been proposed along those lines in the literature, most of which could either be classified as interacting DM models [28] , warm DM scenarios [29] [30] [31] [32] , or even hot DM models (see e.g. [33] ). The former is tightly constrained by the observed ellipticity of DM halos [34, 35] and by the apparent survivability of DM halos to evaporation in clusters [36] , while the latter is unlikely to be able to address all of the CDM issues discussed above [37] . It was realized recently [38] [39] [40] that interacting DM with a velocity-dependent cross section could avoid the ellipticity and evaporation constraints while alleviating the tension between the simulations and the Milky-Way satellites.
In this paper, we investigate in detail the cosmology of a dark sector made of hidden hydrogen-like bound states [41] [42] [43] [44] . This so-called "Atomic Dark Matter" model retains the success of CDM on large cosmological scales but modifies the DM dynamics on sub-galactic scales. Similar to conventional atoms, atomic DM is kinematically coupled to a thermal bath of "dark" radiation (DR) until late times, which significantly delays the growth of matter perturbations on small scales. During the decoupling epoch, diffusion and acoustic damping substancially reduce the amplitude of sub-horizon perturbations, effectively wiping out structures on scales below this damping horizon, hence mimicking the effect of free-streaming. This model thus naturally provides a way to suppress the faint end of the galaxy luminosity function. After kinematic decoupling, the acoustic oscillations of the dark plasma remain imprinted on the small-scale matter power spectrum. Note that these physical processes also take place in a canonical WIMP scenario [45] [46] [47] . The crucial difference here is that the kinematic decoupling of atomic DM typically happens much later than that of a WIMP and therefore can have an impact on much larger, if not observable, scales.
Beyond its effect on the matter power spectrum, the atomic DM scenario also impacts the cosmic microwave background (CMB) through the effects of the DR on the amplitude and phases of cosmological perturbations. We identify a key CMB signature that distinguishes the atomic DM scenario from a simple ΛCDM model incorporating extra relativistic degrees of freedom. Indeed, while models incorporating extra radiation always assume it to free-stream like neutrinos, the DR in the atomic DM model can only start free-streaming after it decouples from the DM. Cosmological modes entering the Hubble horizon before the onset of the free-streaming display a slightly different behavior than Fourier modes crossing the causal horizon after the decoupling of the DR.
Since dark atoms have a much larger geometric cross section than point particles, this scenario falls into the category of interacting DM models. Interestingly, the atomic physics naturally gives rise to a velocitydependent interaction cross section. It is therefore possible that atomic DM could address some of the dSphgalaxy problems while evading the ellipticity and evaporation constraints. In the following, we focus on the ellipticity constraint and show that while it strongly constrains the parameter space of the model, there are plenty of parameter values for which the galactic dynamics is unaffected.
For clarity and completeness, it is important to mention that the term "dark atoms" has been used in various contexts in the literature. For example, dark atoms naturally appears in Mirror DM models [48] [49] [50] [51] [52] . In [53, 54] , the term "dark atom" refers to a bound state between a new stable particle charged under ordinary electromagnetism and a helium nucleus. The authors of [55] explored a model in which dark matter is made of supersymmetric dark atoms. In the present work, the phrase "dark atom" is exclusively used to describe the bound state of two dark fermions (i.e. neutral under the SM gauge group) oppositely charged under a new gauge
This paper is organized as follow. In section II, we introduce the atomic DM model and discuss the parameters necessary to describe the theory. In section III, we analyze the thermal history of atomic DM from its initial hot plasma state to its cold and collisionless stage at late times. We include a thorough discussion of the thermal and kinetic decoupling epoch and present an indepth analysis of the dark-recombination process. In section IV, we solve the modified cosmological perturbation equations and discuss the different regimes that a DM fluctuation encounters. In section V, we present an analysis of the new features in the matter power spectrum and in the CMB due to the dark atomic physics. We also discuss the Lyman-α (Ly-α) forest bounds on the parameter space of atomic DM. In section VI, we consider the stringent astrophysical constraints on the model that are obtained by imposing that DM is effectively collisionless inside galactic halos. We revisit in section VII the direct-detection signatures of atomic DM proposed in the literature in light of our new analysis. We finally discuss our results in section VIII and point out possible new avenues of research.
II. THE MODEL
The atomic DM model [41] [42] [43] is composed of two oppositely-charged massive fermions interacting through a dark massless (or nearly massless) U (1) D gauge boson 1 . In analogy with the regular baryonic sector, we call the lighter fermion "dark electron", the heavier fermion "dark proton" and the massless gauge boson "dark photon". In this work, we assume that the DM relic abundance is set by some UV physics in the early Universe. For example, the dark sector could contain an asymmetry that fixes the DM relic density (see e.g. [56] ). Since we are mostly interested in the late-time cosmological and astrophysical impacts of atomic DM, we do not expect the details of this high-energy completion to play any role in our results. See [43, [57] [58] [59] [60] for examples of DM production mechanism that can lead to atom-like DM particles.
Four parameters are necessary to fully characterize the physics of the dark sector in this model. These are the DM mass (i.e. the mass of the bound state) m D , the dark fine-structure constant α D , the binding energy of the bound state B D and the present-day ratio of the DR temperature to the CMB temperature ξ ≡ (T D /T CMB )| z=0 . Other combinations of parameters are possible but this particular set is physically transparent since B D /ξ fixes the redshift of dark recombination, m D fixes the number density of DM particles and α D governs the microscopic interactions between the dark sector constituents. These parameters are subject to the consistency constraint
which ensures that m e,p ≤ (m D + B D )/2. This bound is saturated when the two fermions have equal masses. Here, m e and m p stand for the dark-electron mass and the dark-proton mass, respectively. We give their values in terms of m D , B D , and α D in appendix A. On a more general level, the atomic DM scenario can be considered as a toy model of a more complete theory involving a hidden dark plasma in the early Universe. Indeed, atomic DM contains the all key ingredients of a dark-plasma theory (dark radiation, multiple particles, kinetic and thermal decoupling, modified growth of DM fluctuations, long-range and short-range interactions, etc) with only minimal physical inputs. As such, the results presented in this paper should be understood in the broader context of a generalized dark-plasma theory ( see e.g. [61] for general cosmological constraints on this type of model).
Interestingly, the atomic DM scenario naturally englobes the hidden charged DM models discussed in [62, 63] as special cases. Moreover, in the limit of very large atomic binding energy and large dark fine-structure constant, dark atoms become basically undistinguishable from standard CDM particles. Therefore, the atomic DM scenario is a rather general testbed for physics beyond the vanilla WIMP/CDM paradigm.
III. THERMAL HISTORY
In the early Universe, the dark sector forms a tightlycoupled plasma much like the standard baryon-photon plasma. As the Universe cools down, three important transitions need to carefully be taken into account. First, once the dark sector temperature falls below B D , it becomes energetically favorable for the dark fermions to recombine into neutral dark atoms. Second, once the momentum transfer rate between the DR and the dark fermions falls below the Hubble expansion rate (kinetic decoupling), the DM effectively ceases to be dragged along by the radiation and can start to clump and form structures. Finally, once the energy transfer rate between the DM and the DR falls below the Hubble rate (thermal decoupling), the DM temperature T DM ceases to track that of DR and start cooling adiabatically. Accurately capturing these transitions and computing their impact on cosmological observables is a major goal of this paper.
We begin this section by determining the big-bang nucleosynthesis (BBN) bound on the dark-photon temperature. We then discuss the recombination of dark atoms and their thermal coupling to the DR, emphasizing the differences between dark atoms and regular atomic hydrogen. We finally present the solutions to the joint evolution of the dark-atom ionized fraction and temperature.
FIG. 1.
Effective number of dark sector relativistic degrees of freedom at the time of nucleosynthesis as a function of αD and BD for dark atoms with mass mD = 1 GeV. Here, we have fixed ξBBN = 0.5. We also display the consistency constraint given by Eq. 1 above which dark atoms do not exist.
A. BBN Limit on Dark-Sector Temperature
Observations of the relative abundance of light elements put a bound on the possible number of relativistic degrees of freedom at the time of BBN. This limit is usually quoted in terms of the effective number of light neutrino species in thermal equilibrium at BBN; here we shall use the conservative estimate N ν = 3.24 ± 1.2 (95% confidence) derived in Ref. [64] . More recent estimates [65] [66] [67] [68] [69] of N ν are statistically consistent with this value. Assuming that the dark sector contributes g BBN * ,D relativistic degrees of freedom during BBN and further assuming three species of SM neutrinos, we obtain the bound
where ξ BBN is the ratio of the dark sector and visible temperatures at the time of nucleosynthesis. In the minimal atomic DM scenario considered in this work, DM is totally decoupled from SM particles and therefore the entropy of the dark sector and the visible sector are separately conserved 
where g * S,D is the present-day effective number of degrees of freedom contributing to the entropy of the dark sector, s D ∝ g * S,D T 3 D . For the simplest model of dark atoms considered here, we have g today * S,D = 2 (i.e. only dark photons contribute). Similarly, g * S,vis is the effective number of degrees of freedom contributing to the entropy of the visible sector. For the particle content of the SM, we have g BBN * S,vis = 10.75 and g today * S,vis = 3.94. During BBN, both dark photons and dark electrons (together with their antiparticles) can contribute to g BBN * S,D (we assume that the dark proton is massive enough to be non-relativistic at the time of BBN). These dark components are kept in thermal equilibrium through Compton scattering and we therefore always have g BBN * S,D = g BBN * ,D . Figure 1 shows the dependence of g BBN * S,D on α D and B D for dark atoms with mass m D = 1 GeV and for ξ BBN = 0.5. We see that there is a large parameter space for which dark electrons are relativistic at BBN, leading to g BBN * S,D = 11/2 for these models. At late times, the ratio of the dark sector and visible-sector temperatures is given by
Note that if g BBN * S,D = 11/2, that is, if the dark electrons and anti-electrons annihilate after BBN, then ξ ≈ ξ BBN since both the visible and dark sector are reheated by the same amount in this case (assuming the dark electron is a Dirac fermion). Substituting Eq. 4 into Eq. 2, we obtain the constraint
0.71 (95% confidence).
We display this constraint in Fig. 2 where we observe that ξ ≥ 1 is disfavored by at least 4 standard deviations if we consider BBN alone. Note that atomic DM models generally predict a different number of effective relativistic degrees of freedom at BBN than at the time of hydrogen recombination. Given a choice of dark parameters (α D , B D , m D , ξ), we can compute g * ,D (T D ) using Eq. B1. The evolution of the dark-radiation temperature is then given by the implicit equation
This equation can easily be solved iteratively by substituting the zeroth order solution
. In practice however, the annihilation of dark electron and dark positron has very little effect on the cosmological evolution and to a very good approximation, we can take ξ to be constant.
B. Dark Recombination
Once T D B D , it becomes energetically favorable for the dark plasma to recombine into neutral dark atoms.
Letting n e and n D denote the number densities of dark electrons and of dark protons (both free and those bound in dark atoms) respectively, we can define the ionization fraction of the dark plasma as x D ≡ n e /n D . Joint BBN constraints on the present-day dark sector temperature and on the effective number of dark sector relativistic degrees of freedom at the time of nucleosynthesis. As indicated, we display contours corresponding to 1-, 2-, and 3-σ constraints.
The phenomenology of dark-atom recombination can significantly differ from that of standard atomic hydrogen. In the latter case, atoms cannot directly recombine to their ground state (Case A) as this results in the emission of a Lyman-continuum photon that can immediately ionize a neutral atom [70, 71] . In the case of dark atoms, it can be shown that for all but the most weakly-coupled models, the dark sector is always optically thick to dark Lyman-continuum photons and dark atoms cannot effectively recombine directly to their ground state. Dark recombination thus needs to proceed through excited states (Case B) for most models. For the very weakly-coupled models, the dark sector can become optically thin to the Lyman-continuum dark photons, hence allowing dark recombination directly to the ground state. However, the very small coupling between the different dark sector constituents implies that very little recombination actually takes place for these models. We therefore conclude that whenever dark recombination is at all appreciable, it proceeds through case B. Hence, we neglect ground-state recombination in the following.
We can classify dark-atom models in three broad categories according to their recombination phenomenology. The first category encompasses models for which the majority of the recombination process takes place in thermodynamic equilibrium. This category includes models having relatively large values of the dark fine-structure constant (α D 0.1) and low-mass models for which the number density is very large during dark recombination. For these scenarios, the recombination history is very well captured by the Saha ionization equation until the re-combination timescale becomes comparable to the Hubble expansion rate and the ionized fraction freezes out. In this case, the recombination process is insensitive to the exact population of the excited states and to the details of the radiative transfer between the various atomic lines, making the determination of the ionization history quite simple.
The second category encompasses models for the recombination timescale is slightly shorter or comparable to the Hubble expansion rate. Standard atomic hydrogen falls into this category. For these models, the details of the transitions between the excited states and ground state are relevant. The basic picture is as follow. Once a dark electron has reached an excited state, it rapidly cascades down to the n = 2 state. Dark electrons can then reach the ground state via the 2s-1s two-photon transition or by emitting a Lyman-α dark photon which redshifts out of the line wing. The recombination process is thus governed by the rate of escape of the dark Lyman-α photons out of their resonance line and by the rate of two-photon decay [70] [71] [72] . While these two rates are comparable for regular atomic hydrogen, they may differ significantly in the case of dark atoms. In addition, it has been shown [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] that the details of the radiative transfer process can affect recombination at the few percent level for this type of models. While we do not take these corrections into account in this work, we expect them to have a negligible impact on our results.
The last category englobes models for which the recombination timescale is longer than the Hubble rate. Atomic DM scenarios having very small values of the dark fine-structure constant or very large masses fall into this category. Not surprisingly, the dark sector remains mostly ionized for these models. The small amount of neutral dark atoms that do form in this case is mostly controlled by the small value of the effective recombination rate and is, to a good approximation, insensitive to the radiative transfer between the various atomic lines.
For all models, we solve for the ionization history of the dark sector using the Effective Multi-Level Atom (EMLA) method presented in Refs. [85, 86] . For our purpose, we consider a four-level effective dark atom consisting of the two interface states 2s and 2p, the ground state (1s), and a continuum. The recombination process is then governed by a set of rate equations of the form
where
is the effective photoionization rate of the interface state nl, H(z) is the Hubble expansion rate and z is the redshift which we use here as a time variable. R Lyα is the rate at which dark Lyman-α photons escape the Lyα resonance due to the expansion of the Universe [84] 
where τ S is the Sobolev optical depth for the Lyman-α transition. Here and in the remainder of this paper, we set = c = k B = 1. The second factor in Eq. 10 is the probability that a Lyman-α dark photon redshifts out of the line wing before being reabsorbed. The Lyman-α Sobolev optical depth is given by [84] 
where ν Lyα is the frequency of the Lyman-α dark photons. Λ 2s,1s denotes the rate of the forbidden two-photon transition between the 2s state and the ground state. It is given by [87] [88] [89] 
Here α em is the SM fine-structure constant and B H 13.6 eV is the binding energy of regular hydrogen. R 2p,2s is the effective transition rate between the interface states 2s and 2p and is given by [85] 
where R 2p→nl is the bound-bound transition rate between the 2p state and the "interior" state nl (n > 2) and P nl→2s stands for the probability that a dark atom in a state nl will decay to the 2s state. Details of the computation of R 2p→nl and P nl→2s can be found in [85] . Previous studies of atomic DM have used an approximate recombination coefficient given by [90, 91] 
This rate is problematic for three reasons. First, since it is only a function of the DM temperature, it fails to take into account the contribution from stimulated recombination which explicitly depends on T D . Second, it does not take into account the effect of transitions among the high-n atomic states and assume equilibrium among the angular momentum substates (an approximately 14% correction). Finally, it is inaccurate for T DM B D and T DM B D . To improve this situation and obtain an accurate picture of dark recombination, we compute a new recombination coefficient using the method outlined in [85] . Our recombination coefficient is given by
Here, P n l →nl stands for the probability that a dark atom in a state n l will decay to a state nl. The volumetric recombination rate to an atomic state nl is
Here, κ denotes the momentum of the incoming dark electron in units of
−1 is the dark-photon distribution function at energy E for a blackbody spectrum at temperature T . The details of the atomic physics are encoded in the γ nl factor [85] 
where g(n, l, κ, l ) denotes the bound-free radial matrix elements [92] . Numerically computing the momentum integral in Eq. (16) for each state nl and performing the sums in Eq. (15) up to n max = 250 yield a recombination coefficient of the form
where G nl 250 are universal dimensionless functions encoding the details of the atomic physics and its interaction with the radiation field. These functions are independent of the model parameters (α D , m D , B D , ξ) and therefore need to be computed only once. For the purpose of numerical computation, we tabulate G 2 . The photoionization rates are related to the above photorecombination coefficients through detailed balance
2 The code to compute these coefficients was kindly provided by Yacine Ali-Haïmoud.
In terms of the universal dimensionless functions, this reads
In Fig. 3 , we compare the effective total recombination rate
with the approximate rate given by Eq. (14) . The top panel compares the recombination rate when the DM and the DR are in thermal equilibrium with T DM = T D . We see that the approximate rate (14) performs reasonably well over the temperature range where most of the recombination is happening (0.007 T D /B D 0.02). Most of the difference between Eq. (14) and our exact computation can be traced to the fact that the former neglects the transitions between the high-n atomic levels and assumes that the angular momentum substates are in equilibrium. As shown in Ref. [93] , this could in principle be taken into account by multiplying Eq. (14) by a fudge factor ∼ 1.14. We also show the recombination rate derived in Pequignot et al. [94] corrected by this fudge factor as used in Recfast [93] . Not surprisingly, this last rate is an excellent fit to the exact rate over most of the important temperature range. However, we see that both the Pequignot et al. and the rate given in Eq. (14) fails at high temperature and to a lesser extent, at low temperature. For regular atomic hydrogen, these errors are inconsequent since most of the baryonic plasma is ionized until T CMB /B H ∼ 0.02 and has mostly recombined before T CMB /B H ∼ 0.003. For weakly-coupled dark atoms however, these errors can have a substantial effect on the late-time ionization fraction of the dark sector.
The lower panel of Fig. 3 compares the different recombination rates when the DM temperature differs significantly from that of the DR. This can happen for example for a weakly-coupled dark sector which thermally decouples from the DR before the onset of or during recombination. In this case, both the canonical rate (14) and that of Pequignot et al. fail to capture the correct temperature dependence over most of the important temperature range. This should not come as a surprise as these two rates are purely functions of T DM and cannot therefore capture the contribution from stimulated recombination which is a function on the DR temperature, T D . For regular atomic hydrogen, this effect is unimportant since thermal decoupling of baryons happens well after recombination. Note that Eq. (14) systematically underestimates the recombination rate leading to an artificially large late-time ionization fraction for weaklycoupled dark atoms. Given the sensitivity of the recombination rate on the DM temperature, it is important to accurately capture its evolution through the stage of thermal decoupling which we discuss in the next section.
Without solving any differential equation, it is possible to obtain an estimate for the late-time ionized fraction of the dark sectorx D by solving the condition which determines the ionized fraction when the recombination process goes out of equilibrium. Using the above expression for the recombination rates and evaluating them at T D /B D ∼ 0.007, we obtain
While this expression is only accurate up to a factor as large as 10, it illustrates how the relic ionized fraction scales with the dark parameters. In our above treatment of dark recombination, we have only considered the contribution from radiative processes. In principle, collisional processes could also contribute to the ionization, recombination, and boundbound rates. To estimate whether we can safely neglect the contribution from collisional processes, we compare here the radiative rate for the 1s → 2p transition to its collisional counterpart. The radiative rate is given by [85] 
The corresponding rate for a dark electron to collisionally excite a dark atom from its ground state to the 2p state is given by (see e.g. Ref. [95] )
where we have assumed that the dark electrons have a Maxwellian velocity distribution with temperature T DM . Demanding that the radiative rate dominates over the collisional rate at the onset of dark recombination leads to the condition
where we have taken
We see that the radiative processes are expected to dominate over their collisional counterpart unless the dark sector is very cold (ξ 1), dark atoms are very light (m D 1 GeV) or very weakly coupled. As we will discuss in section V, all atomic DM models that are observationally relevant obey the condition given by Eq. 25. We therefore neglect any contribution from collisional processes in this work.
C. Thermal Decoupling of Atomic Dark Matter
In the early Universe, frequent interactions between the dark photons and the dark fermions keep the dark sector in thermal equilibrium at a single temperature. Dark photons Compton scatter off dark electrons, hence transferring energy to the DM gas. This energy is then redistributed among the dark sector fermions through Coulomb scattering between the dark electrons and the dark protons. The typical timescale for this process is [96] 
where we have assumed T DM = T D in going from the first line to the second equality. This timescale should therefore be considered as an upper limit since after thermal decoupling, we generally have T DM < T D . Here, ln Λ is the Coulomb logarithm and is approximately given by
and has value ln Λ ∼ 30 − 60 over the parameter space of interest. The Coulomb rate should be compared to the Hubble timescale during radiation domination
For all interesting atomic DM parameter space, we always have τ e-p τ H and therefore, we can always assume that the dark fermions are in thermal equilibrium among themselves at a single temperature T DM . The neutral dark atoms maintain thermal contact with the dark fermions through elastic collisions. To a good approximation, the cross section for a collision between a dark electron of energy E e and a dark atom in its ground state is given by [97] 
which is valid for E e < B D and where γ 15.69 is a best-fit parameter. Averaging this cross-section over the Maxwell-Boltzmann velocity distribution of the dark electrons and multiplying by the number density of neutral atoms, we obtain the elastic collision rate between dark atoms and dark electrons
0.576
which is valid for T DM /B D 1. Again, the timescale associated with this collisional process τ e−H ≡ Γ −1 e−H is much shorter than the Hubble time over most of the dark atom parameter space. We can therefore safely assume that the whole DM sector (ions + neutral dark atoms) is always in thermal equilibrium at a single temperature T DM . For the remainder of this section, we thus focus our attention on the interaction between the dark fermions and the DR.
Due to its steep dependence on the DR temperature, Compton heating is always the dominant energy-transfer mechanism between DM and DR at early times. The Compton heating rate is given by [72] 
where m e and m p are the masses of the dark electron and dark proton, respectively. The prefactor in the square bracket accounts for Compton heating of both dark electrons and protons. For regular atomic hydrogen, the large photon-to-baryon ratio ensures that Compton heating alone efficiently maintains thermal contact between baryons and the photon bath well after the former recombine into neutral hydrogen and helium. For dark atoms however, there is a large parameter space for which Compton heating becomes inefficient at early times (i.e. for T D B D ). In this case, one must consider other possible energy-exchange mechanisms between the DR and DM. Before dark recombination, photo-ionization heating and photo-recombination cooling are the most important mechanisms that can maintain thermal contact between DM and DR once Compton heating falls out of equilibrium. Free-free (Bremsstrahlung) cooling and free-free heating are also relevant energy-exchange mechanisms for dark atoms. Finally, dark photons can exchange energy with neutral dark atoms through Rayleigh scattering. The volumetric energy-exchange rates for these processes are (in energy per unit time per unit volume, see Appendix C)
Π ff 16α
where Π p−i , Π p−r , Π ff and Π R are the photo-ionization heating, photo-recombination cooling, the net free-free heating rate, and the net Rayleigh heating rate, respectively. F p−i and F p−r are universal dimensionless functions parametrizing the details of the atomic physics and its interaction with the radiation field. These functions are independent of the model parameters (α D , B D , m D , ξ) and therefore need to be computed only once. The fractional temperature difference is denoted by
It is instructive to compare the relative magnitude of the different energy-exchange mechanisms. The typical timescale required by the thermal processes to transfer an O(1) fraction of the kinetic energy of the DM is given by
where we have assumed the equipartition of energy among all dark constituents. Comparing Eqs. (33) and (34), we see that the free-free processes and the boundfree processes have similar leading-order amplitudes. Explicitly taking ratio of the Compton heating rate to that of photo-recombination cooling, we obtain
(37) We first notice that it is always possible to find a highenough redshift such that Compton heating dominates over the bound-free energy-exchange channels. As the Universe cools down, the photo-heating can become the dominant energy-exchange mechanism for low values of α D , for a cold dark sector (ξ 1), or for a light DM candidate. Generally, photo-recombination cooling, photoionization heating, and the free-free processes must be taken into account when
Here, z drec is the redshift at which dark atoms recombine.
For standard atomic hydrogen, we have Υ BF ∼ 10 2 and can therefore neglect any contribution beyond Compton heating.
For relatively large values of the coupling constant α D , recombination is generally very efficient, resulting in a considerably low ionized fraction x D 1 at late times. Consequently, thermal coupling mechanisms that depend on the presence of free ions to proceed such as Compton heating and free-free heating become relatively inefficient. When this happens, the only remaining mechanism that can maintain thermal equilibrium between the DR and DM for these models is Rayleigh heating. Generally, Rayleigh heating takes over Compton heating as the dominant heat-exchange channel after dark recombination if the condition (39) is satisfied. This indicates that only models with very small left-over ionization fraction and moderate value of the ratio m D /m e can obtain a non-negligible contribution from Rayleigh heating. In Fig. 4 , we compare the rates for the four dominant energy-exchange mechanisms to the Hubble rate. The upper panel shows a relatively strongly-coupled dark-atom model with Υ R ∼ 6 × 10
and Υ BF ∼ 700 where Rayleigh heating becomes the dominant thermal-coupling mechanism after the onset of dark recombination. In the middle panel, we illustrate a model with Υ BF ∼ 280 and Υ R ∼ 400 where Compton heating is the only important mechanism until adiabatic cooling takes over at late times. The lower panel displays an alternate scenario with Υ BF ∼ 5 × 10 −4 and Υ R ∼ 4 where photo-ionization heating and photo-recombination cooling dominate from early times until adiabatic cooling takes over after recombination.
We therefore see that the thermal evolution of atomic DM strongly depends on the specific choice of dark parameters. In contrast to regular atomic hydrogen whose thermal history can be accurately captured by only considering Compton heating, it is necessary in general to include complementary thermal coupling channels to precisely determine the thermal-decoupling temperature of dark atoms. Put differently, the thermal history of the baryon-photon plasma represents only one possibility among all the regimes that a plasma in an expanding universe can explore. In this respect, it is interesting to realize that the thermal evolution of the baryon-photon plasma is rather simple compared to what it could have been, had the parameters of SM been different.
Putting the different pieces together, the Boltzmann equation governing the evolution of the DM temperature is then [72] (
where the first term of the right-hand side corresponds to adiabatic cooling due to the expansion of the Universe, the second term takes into account the contribution from bound-free and free-free processes as well as Rayleigh scattering, and the last term describes the Compton heating of the DM gas.
D. Joint-Evolution of DM Temperature and Ionization Fraction
The thermal history of the dark sector sector is specified by simultaneously solving Eqs. (7), (8) , (9) , and (40) together with the initial conditions
where x D,Saha is the Saha equilibrium ionization fraction and z i is the initial redshift. It is obtained by solving the Saha equation
These ionization and temperature evolution equations are extremely stiff at early times and therefore require the use of a stiff solver. We assume that adiabatic cooling dominates the evolution of the DR temperature such that
CMB is the temperature of the CMB today. Note that dark recombination always happens after the dark electrons and positrons annihilate and we have therefore neglected the change in the number of relativistic species (see Eq. 6). Equation (42) is valid as long as we can neglect the energy injected into the dark radiation bath in a Hubble time, that is
In the above, we have only included the contribution from photo-recombination. In practice, all mechanisms leading to a net energy transfer from the DM to the DR should be included. Before DM recombination, the righthand side of Eq. (43) is almost a constant and is equal to
Models not respecting this bound are likely to require a more involved analysis since the DR field cannot be taken to be thermal in these cases. A full solution to the energy-transfer problem is out of the scope of this paper and we therefore focus on models obeying Eq. (44).
We can now compare our improved treatment of the dark-atom recombination and thermal decoupling to the "standard treatment" described in Ref. [42] . The "standard treatment" combines Eqs. (7), (8), and (9) into a single differential equation for x D and uses the approximate recombination rate given in Eq. (14) . Its DM temperature evolution equation only includes Compton heating and adiabatic cooling. In Fig. 5 , we display the ionized-fraction and temperature evolution for a model with Υ R ∼ 6 × 10 −6 and Υ BF ∼ 700. We see that the redshift evolution of our improved ionization calculation closely matches the standard treatment at early times. At late times however, our improved calculation predicts an ionization fraction that differs from the standard treatment by as much as 60%. The very good agreement at early times follows from the fact that the ionized fraction of the dark sector is initially mostly controlled by the Saha equilibrium condition, and therefore insensitive to the exact value of the recombination coefficient. At late times however, the Saha approximation breaks down and the ionized fraction becomes sensitive to the recombination rates. As can be seen in the lower panel of Fig. 5 , the inclusion of Rayleigh scattering postpones the thermal decoupling of DM, resulting in a DM gas that is hotter than one would expect by considering only Compton heating. Since the recombination coefficient is very sensitive to the DM temperature, this explains the somewhat large difference in x D at low redshift. Figure 6 displays the ionization and temperature evolution of a dark-atom model for which Compton heating is the dominant thermal coupling mechanism until late times (Υ BF ∼ 2 × 10 5 and Υ R ∼ 10 2 ). In this case, the usual calculation accurately captures the behavior of both the ionization evolution and the DM temperature. This is a not a surprise, since the standard treatment was designed to capture this specific regime of the dark plasma. The small difference in the ionization fraction (up to ∼ 12%) at late times is entirely due to our more accurate recombination coefficient which includes the effects of high-n shells on the recombination process.
In Fig. 7 , we display the ionization history (upper panel) and temperature evolution (lower panel) for a model with Υ BF ∼ 5 × 10 −4 (Υ R ∼ 4). Not only does the standard calculation fail to predict the right recombination redshift, it also underestimates the late-time ionization fraction by more than 50%. Since the Saha equilibrium does not hold for these weakly-coupled models, their ionization evolution is strongly determined by the value of the recombination coefficient. In the lower panel, we see that the inclusion of the bound-free and free-free processes delays the thermal decoupling of DM, hence postponing the onset of dark recombination. As the recombination coefficient is very sensitive to the DM temperature (see Fig. 3 ), this delayed thermal decoupling acts to suppress the recombination rate, hence leaving a larger ionized fraction at late times.
In summary, the standard recombination treatment originally described in [70] can only be accurately applied to dark-atom models for which both bound-free and Rayleigh heating are negligible. For these scenarios, the late-time difference between our improved calculation and the standard treatment is almost entirely due our more accurate recombination coefficient, which properly accounts for the effects of excited atomic states and for the difference between the DM and DR temperature. On the other hand, the standard treatment generally overestimates the thermal-decoupling temperature for atomic DM models with Υ BF 1 or Υ R 1. As a consequence, the standard treatment tends to underestimate the DM ionized fraction at late times for these types of models.
E. Existence of Dark Atoms
As the dark fine-structure constant is decreased and the mass of the dark proton is increased, it becomes progressively more difficult for oppositely-charged dark fermions to find each other and form neutral bound states. There exist critical values of the masses and cou- pling constants beyond which dark atoms do not form and the dark plasma remains ionized even for T D B D . Generally, this happens if the recombination rate is smaller than the Hubble expansion rate, when it becomes energetically favorable to form dark atoms. Using Eqs. (18) and (28), dark atoms can form only if the following condition is satisfied
where we have used T D T DM 0.02B D , which corresponds to the usual dark sector temperature at the onset of dark recombination. Models violating this bound are effectively hidden charged DM models similarly to those discussed in Refs. [62, 63] . We display the constraint (45) (45), delimiting the mostly ionized models (below the line) from the region of parameter space dominated by dark atoms at late times (above the line).
IV. EVOLUTION OF DARK-MATTER PERTURBATIONS
Having determined the evolution of the background ionized fraction and temperatures, we now turn our attention to the evolution of cosmological perturbations in the atomic DM scenario. In this theory, the DM and DR form a tightly-coupled plasma in the early Universe, much like the baryon-photon fluid. Once modes enter the horizon, the pressure provided by the relativistic dark photons gives rise to a restoring force opposing the gravitational infall of DM, hence leading to dark acoustic oscillations (DAO) in the plasma. Compared to a CDM model, the presence of these DAOs delays the onset of DM fluctuation growth until the epoch of kinetic decoupling. In addition, atomic DM fluctuations miss out on the kick due to the decaying gravitational potential when they cross inside the Hubble horizon [45] . We therefore generically expect DM fluctuations to be suppressed on small scales in atomic DM models.
We begin this section by giving the key equations describing the DM and DR perturbations, emphasizing the new collision term between these two constituents of the dark sector. We then discuss the different contributions to the opacity of the dark plasma and study their impact on the kinetic decoupling epoch. We then describe the various regimes that the perturbations in the dark plasma encounter as they evolve through the cosmic ages. We finally present numerical examples of these different regimes, both in Fourier space and in configuration space.
A. Perturbation Equations
The equations governing the evolution of atomic DM fluctuations are very similar to those describing the baryon-photon plasma. Special care must however be taken to include all the relevant contribution to the opacity of the DM to DR. The Boltzmann equations for DM areδ
where we closely followed the notation of Ref. [91] 
Eqs. (48) and (49) describe the evolution of the darkphoton over-densities (δγ) and of the dark-photon velocity, respectively. It is also necessary to solve for the hierarchy of dark-photon multipoles (Eqs. (50) and (51)) to properly account for DR diffusion and its impact on DM perturbations. Since our focus is to describe the clustering of DM in this model, we do not solve for the DR polarization.
During the radiation-dominated epoch, the energy density of the DR is generally subdominant compared to the contribution from regular photons and neutrinos (see Eq. (5)). Therefore, the time-dependence of the gravitational potentials φ and ψ is very similar to the standard CDM case for which we have
where τ stands for the conformal time and φ p is the primordial amplitude. Since the gravitational potential is an oscillatory function, Eqs. (46) and (48) essentially describe driven harmonic oscillators where the driving force is provided by the baryon-photon plasma. Indeed, taken as a whole, the equations describing the dark plasma and the baryon-photon plasma in the early Universe correspond to a system of coupled harmonic oscillators. Such a system is known to exhibit resonance phenomena whenever the driving frequency approaches the natural frequency of the oscillator. For the dark plasma however, we always have
where ρ γ and ρ b are the energy densities of regular photons and baryons, respectively. As the sound speed of a plasma is approximately given by c p = 1/ 3(1 + R −1 ), Eq. (53) implies that the sound speed of the dark plasma is always smaller than that of the baryon-photon plasma. Thus, the dark plasma is never driven close to its resonance threshold 3 .
B. Dark Opacity and Kinetic Decoupling
The opacity of the dark plasma dictates the strength of the coupling between DM and DR. Heuristically, τ D can be considered as the mean free path a dark photon travels between collisions with a dark ion or a dark atom. As such, R D /τ D is approximately the momentum-transfer rate between the DR and the DM. As in the case of the thermal coupling of DM to DR, many mechanisms contribute to the exchange of momentum between the two dark components. In addition to the usually-considered Compton-scattering term, we also include the contribution from Rayleigh scattering as well as the contribution from bound-free processes. The opacity is then
The Compton scattering term is given by
is the dark Thomson cross section and a is the scale factor. The factor in the bracket accounts for Compton scattering off dark protons. The contribution from Rayleigh scattering can be written as
which is valid for T D B D . Here σ R is the cross-section for Rayleigh scattering (see Eq. (C13)) and . . . denotes a thermal average with respect to the Planck function describing the distribution of dark photons. Finally, the photoionization contribution is
where n nl and σ nl are the number density and the photoionization cross-section for dark atoms in quantum state nl. For most atomic DM models, the Compton scattering contribution to the opacity dominates before dark recombination, with photoionization giving a subdominant contribution for models with Υ BF 1. Once a significant number of dark atoms has recombined, Rayleigh scattering can become the dominant source of opacity for models with Υ R 1.
The DR effectively begins free-streaming when its mean-free path becomes comparable to the size of the Hubble horizon, that is, τ
H. In a model for which Compton scattering dominates the interactions between the DR and the DM, the onset of the free-streaming epoch is independent of the temperature and only depends of the fraction of ionized dark atoms,
where we have assumed that the DR decoupling happens in the radiation-dominated epoch and have neglected the contribution from dark protons. If the second argument in the min [.., ..] function is larger than unity, it indicates that dark photons begin free-streaming at a very early epoch, making them difficult to distinguish from massless neutrinos. For a strongly-coupled dark sector which have Υ R 1, the decoupling of dark photons happens much later and is governed by Rayleigh scattering of dark photons off neutral dark atoms. This leads to a decoupling temperature
where we have taken the limit x D | dec 1. It is important to note that for most atomic DM scenarios, Compton scattering alone is responsible for the DM-DR coupling.
The key quantity governing the size of the smallest DM structure in the Universe is the temperature at which DM kinematically decouples from the DR (i.e. the dark drag epoch). This temperature can approximately be determined by solving the condition R D /τ D H. For models dominated by Compton scattering, this leads to a kinetic decoupling temperature given by
This is effectively an implicit equation for the drag-epoch temperature since the right-hand side involves the ionized fraction of dark atoms evaluated at that epoch. Taking x D | drag ∼ 1 leads to a lower bound on the temperature at which DM ceases to be dragged along by the DR. If Υ R 1, the kinetic decoupling occurs when Rayleigh scattering becomes ineffective. In this case, we obtain
, (61) where we have used x D | drag 1, which is a necessary condition for Rayleigh scattering to dominate over Compton scattering.
DM fluctuations on subhorizon length scales at the drag epoch have a significantly different evolution than those of a standard ΛCDM model. In particular, the suppression of small-scale power due to the dark-photon pressure leads to a minimal halo mass at late times. We will discuss this effect further in section V A.
C. Regimes of the Dark Plasma
We now turn our attention to the formal solutions to Eqs. (46) to (51) . These admits different regimes depending on the relative values of the opacity, wavenumber, and Hubble expansion rate. These regimes are 1. Superhorizon Regime: This regime occurs when the wavelength characterizing a mode is still larger than the Hubble horizon, k < H. As for the CDM case, cosmological perturbations do not significantly evolve in this regime. We therefore do not discuss this case any further since atomic DM is indistinguishable from standard CDM for these modes.
Dark-Acoustic-Oscillation (DAO) Regime:
Once modes cross into the Hubble horizon, the microphysics governing the interaction between the DM and the DR becomes effective. If the meanfree-path of dark photons between collisions with dark fermions is much smaller than the wavelength of a given mode (kτ D 1), then we can consider the DM and the DR to be tightly-coupled and to form an almost perfect fluid at this scale. In this case, the DR pressure can effectively counteract the pull from the gravitational potential, leading to the propagation of acoustic oscillations in the dark plasma. This DAO regime occurs for wavelengths larger than the diffusion length scale of the dark photons, that is,
where k D is diffusion damping scale and is defined by [98] 
Heuristically, 1/k D corresponds approximately to the average distance travelled by a dark photon in a Hubble time. Note that Eq. (63) is the result of a first-order expansion in kτ D of the dispersion relation of DAOs and therefore is only accurate in the limit kτ D 1. In the DAO regime, DM fluctuations undergo constant-amplitude oscillations
is the sound speed of the dark plasma. Due to these oscillations, DM fluctuations entering the horizon in this regime miss out on both the logarithmic growth and the horizon kick. Thus, despite the absence of damping in the DAO regime (besides the small contribution from Hubble expansion), DM perturbations still generally display smaller amplitudes at these scales when compared to a standard CDM model.
Diffusion-Damping Regime:
Once the average distance travelled by a dark photon during a Hubble time becomes comparable with the wavelength of a given mode, DR can effectively diffuse out of over-densities at these scales. If the momentum transfer rate between the DR and the DM is larger than the plasma oscillation frequency,
then DM is dragged along by the escaping dark photons, effectively erasing DM fluctuations on these scales. The time-dependence of the DM perturbations is then given by
leading to an exponential damping on fluctuations on scale smaller than the diffusion length. As before, we have assumed the dark plasma is tightlycoupled (kτ D 1) in deriving Eq. (66) . When this condition ceases to be satisfied, the damping of DM fluctuations is no longer exponential and Eq. (66) breaks down. Note that the diffusion damping regime ends when kc p ∼ R D /τ D since DM ceases to be dragged by the DR when this condition is satisfied.
4. Acoustic-Damping Regime When the meanfree-path of dark photons becomes comparable to the wavelength of a given mode (kτ D 1), the dark plasma ceases to behave like a single perfect fluid. Due to the slow reaction of DM to the motion of dark photons in this regime, acoustic oscillations in the DM fluid start to significantly lag those propagating in the DR fluid. This in turns leads to viscous dissipation in the dark plasma resulting in the damping of DM fluctuations at these scales. Note however that this acoustic damping is weaker than the exponential damping characteristic of the tightly-coupled diffusion regime. Generally, acoustic damping occurs for modes satisfying the condition
The last inequality ensures that a significant amount of momentum is still transfered to the DM during acoustic damping. Physically, this regime is characterized by the development of anisotropic stress in the dark fluid associated with a significant dark-photon quadrupole moment. As such, it is therefore difficult to obtain an analytical solution to the evolution of DM fluctuations in this regime.
5. Gravitationally-Dominated Regime: When the momentum transfer rate between the DR and atomic DM falls below the oscillation frequency of the dark photons, that is
the dark plasma ceases to behave like a single fluid and we must consider the DM and the DR fluctuations separately. In this regime, the evolution of the DM perturbations is determined by a competition between the gravitational potential dominated by the baryon-photon plasma and the remaining pressure of the DR. Since both of these contributions are oscillatory in nature, the evolution of the DM fluctuations in this regime can be rather complex. Essentially, we can view DM perturbations as forced oscillators driven by two distinct forces oscillating with difference frequencies. Explicitly, the equation governing the evolution of DM fluctuations is
where the gravitational source term is given by
The dark-photon driving term can be obtained from rearranging Eqs. (49) and (48) 
(71) In the limit that a DM fluctuation enters this regime after being exponentially damped by the diffusion of dark photons, the evolution of DR perturbations is dominated by the gravitational potential. Neglecting the small quadrupole moment of the dark photons, this implies that the term in the square bracket of Eq. (71) is very close to zero. We thus have θγ θ D in this limit and Eq. (69) reduces tö
Eq. (72) is to the usual equation describing the growth of standard CDM fluctuations. It implies that DM fluctuations grow logarithmically with the scale factor during the radiation-dominated epoch.
On the other hand, for modes that enter the gravitationally-dominated regime before being substantially damped by photon diffusion, the darkphoton driving term cannot be neglected in Eq. (69) . In this case, the dark-photon quadrupole moment is non-negligible in Eq. (71), leading to an oscillatory pressure term with
The gravitational potential contribution S G (k, τ ) also oscillates, but with a somewhat lower frequency ∼ k/ 3(1 + R).
As these oscillators can randomly go in-phase and out-of phase, some damping or even some amplification can occur in this regime. However, since the momentum transfer rate R D /τ D is decaying more rapidly than S G (k, τ ), the gravitational potential rapidly becomes the dominant contribution to the evolution of DM fluctuations. Indeed, while R D /τ D ∝ τ −n with n ≥ 3 (depending on which process dominates the calculation of the opacity), S G (k, τ ) ∝ τ −2 . Therefore, the DM fluctuations rapidly settle into the logarithmic growing mode.
6. Kinetically-Decoupled Regime: As the momentum transfer rate between atomic DM and DR falls below the Hubble rate, R D /τ D < H, DM essentially stops interacting with the dark photons and begin behaving like the standard CDM. Modes entering this regime during radiation domination begin growing logarithmically with the scale factor while modes entering during matter domination grow linearly with a. In all cases, modes that enter the Hubble horizon after kinetic decoupling are undistinguishable from those of standard CDM. 
D. Numerical Solutions
We solve numerically Eqs. (46) (47) (48) (49) (50) (51) together with the standard Boltzmann equations describing the evolution of baryons, photon and neutrinos [91] . We use a modified version of the publicly-available code CAMB [99] assuming that all of the DM is made of dark atoms. We modify the perturbed Einstein equation to include the new contributions from DM and DR. We use a flat background cosmology compatible with WMAP 7-year release [100] :
−9 , n s = 0.963, and τ re = 0.088. We consider pure adiabatic initial conditions
where z i is the initial redshift which is determined such that all modes are superhorizon at early times, kτ (z i ) 1. We first pre-compute the ionization and thermal history of the dark sector as described in section III and use (49) are very stiff and we use a second-order tightcoupling scheme similar to that used for the baryonphoton plasma at early times [101] [102] [103] .
In Fig. 9 , we show the time evolution of a single Fourier mode for relatively strongly-coupled dark atoms. We clearly identify the different regimes that the fluctuation encounters from its horizon crossing to its late-time growth. For the particular choice of parameters displayed here, this Fourier mode enters the horizon in the DAO regime and oscillates until dark-photon diffusion exponentially suppresses its amplitude. Once DR kinematically decouples from DM, the fluctuation can start growing like regular CDM but from a much-reduced amplitude.
To contrast, we show in Fig. 10 the redshift evolution of the same Fourier mode for a weakly-coupled model of dark atoms. In this case, kτ D ∼ 1 shortly after the mode enters the horizon and therefore it only briefly experiences the DAO regime. It then rapidly transitions to the acoustic damping regime where its amplitude decays, though not as quickly or strongly as in the diffusion damping regime. After kinetic decoupling, the mode finally settles into the logarithmic growing mode.
E. Real-Space Evolution: DAO Scale
The Fourier-space description of cosmological fluctuations allows one to qualitatively understand the different stages of their evolution and to obtain accurate numerical solutions to their equations of motion. Ultimately however, physical density fluctuations evolve in configuration space and it is thus important to translate their Fourier-space behavior into this latter space.
In Fig. 11 , we display the configuration-space redshift evolution of a Gaussian adiabatic density fluctuation. In panel (a), we see both a dark-plasma and a baryonphoton plasma density wave traveling outward from the initial over-density. Since the dark plasma generically has a lower sound speed than the regular baryon-photon plasma, density waves propagating in the former do not travel as far in a given time interval as waves propagating in the latter. This results in the dark-plasma density wave lagging behind its baryon-photon counterpart. Panel (a) of Fig. 11 also clearly shows the damping of the initial density fluctuation at short length-scales resulting from the outward propagation of acoustic waves.
Panel (b) presents a snapshot of the outward-moving waves shortly after dark photons cease to be tightlycoupled to the DM. Panel (c) further shows the DR diffusing out of the DM fluctuation after they kinematically decouple from each other. After the dark decoupling epoch, DM fluctuations begin to grow while DR continues to propagate out of the initial overdensity, eventually overtaking the baryon-photon sound horizon. Note that the sound horizon of the dark plasma remains imprinted on the DM fluctuations, resulting in a preferred scales in the late-time density field similar to the standard BAO scale. This so-called DAO scale constitutes a tell-tale signature of the presence of a dark plasma distinct from the standard baryon-photon plasma in the early Universe. We will discuss its cosmological implications in the next section.
The inset inside panel (d) shows that the dark-photon density wave can actually overtake the baryon-photon plasma wave after the former decouples from the DM. As in the case of free-streaming neutrinos, this effectively establishes gravitational-potential perturbations beyond the sound horizon of the baryon-photon plasma. It has been shown [104] that such supersonic gravitationalpotential perturbations can have a measurable impact on the CMB power spectrum. This indicates that DR fluctuations could in principle have an impact on the CMB, which we consider section V.
Panels (e) and (f) of Fig. 11 show the late-time decoupling of photons and baryons. As in the standard CDM scenario, baryons fall in the gravitational potential wells established by DM once they cease to be dragged along by the photons. In the atomic DM scenario however, the DAO scale becomes imprinted on the baryons as they fall toward DM in a process similar to how the BAO scale is imprinted on the DM as it falls toward the baryons at late times. In summary, compared to a vanilla ΛCDM cosmology, the atomic DM scenario has an additional cosmological length scale corresponding to the size of the dark-plasma sound horizon when the DR kinematically decouples from the DM. Since the dark plasma decouples earlier and has a lower sound speed than the baryon-photon plasma, this DAO scale is generically much smaller than the BAO scale. Furthermore, the amplitude of density fluctuations on length scales smaller than the DAO scale is severely suppressed, leading to a minimal mass for the first objects that collapse at late times. We discuss the cosmological implications of atomic DM in the next section.
V. COSMOLOGICAL IMPLICATIONS
The atomic DM scenario alters cosmological observables in two possible ways. On the one hand, the presence of dark relativistic degrees of freedom modifies the cosmological expansion history of the Universe. On the other hand, the gravity and pressure of the dark-photon perturbations impacts the evolution of DM and baryonphoton fluctuations, hence affecting late-time observables such as the CMB and the matter power spectrum. Unfortunately, the former case does not lead to unique effects on observable cosmological probes since the background cosmology of atomic DM is indistinguishable from that of a standard ΛCDM model that contains extra relativistic species. As the impact of relativistic neutrinos on the CMB and the matter power spectrum has been extensively studied in the literature (see e.g. [104, 105] ), we shall only briefly review their key effects in the two following subsections.
Conversely, dark-photon perturbations can affect cosmological observables in a way that distinguish them from ΛCDM models containing extra neutrinos. This stems from the fact that relativistic neutrinos can freestream from a very early epoch while dark photons can only do so after they decouple from the DM. Cosmological modes entering the horizon while the dark photons are free-streaming are expected to behave similarly to a ΛCDM model with an equivalent number of relativistic neutrinos. On the other hand, modes crossing the horizon while the dark photons are tightly-coupled to the DM do not experience the damping and phase shift of acoustic oscillations [104] usually associated with the presence of extra radiation. Therefore, we expect the atomic DM scenario to leave a distinct imprint on the CMB if dark photons begin free-streaming when the length scales relevant for this cosmological probe are crossing into the Hubble horizon. A corollary of this statement is that a dark-atom model for which dark photons decouple very early is, as far as the CMB is concerned, indistinguishable from a ΛCDM universe containing extra neutrinos.
Atomic DM itself alters cosmological observations through the modified growth of its density fluctuations. As explained in section IV C, DM fluctuations entering the horizon before kinetic decoupling in the radiationdominated era miss out on the amplitude boost due to the rapidly decaying gravitational potential. Further, atomic DM perturbations on scales smaller than the dark-photon diffusion length are strongly damped, leading to an absence of cosmological structure at these scales. The acoustic oscillations in the DM plasma which are one of the key feature of the atomic DM scenario remain imprinted on the late-time matter power spectrum. In configuration space, these oscillations point to an important length scale, the DAO scale, at which the clustering of DM is enhanced and below which it is suppressed when compared with an equivalent ΛCDM model. For most atomic DM models that are in agreement with current observations, the DAO scale must lie today in the highly non-linear regime of cosmological fluctuations, hence making its impact on cosmology difficult to observe.
A. Matter Power Spectrum
The most dramatic and distinct cosmological implication of the atomic DM scenario is the modification of the small-scale matter power spectrum. Ultimately, this is a consequence of the relatively late kinetic decoupling of atomic DM compared to a standard WIMP CDM model. Indeed, the delayed kinetic decoupling of the dark plasma considerably impedes the growth of DM fluctuations for all subhorizon modes. Furthermore, fluctuations on length scales shorter than the diffusion distance of dark photons are exponentially damped compared to a CDM model, effectively prohibiting the formation of any late-time structure at these scales. Subhorizon scales that exceed the diffusion damping scale display acoustic oscillations that remain clearly imprinted on the latetime matter power spectrum, since DM forms the bulk of the non-relativistic matter. Fluctuations on length scales that cross into the horizon after DM kinematically decouples have a growth history similar to that of a vanilla ΛCDM model and we therefore expect no particular signature at these scales (see however a caveat at the end of this subsection).
In Fig. 12 , we show examples of late-time linear matter power spectra for different models of atomic DM. The features discussed above are clearly visible in the spectra. We also observe that as the binding energy of the dark atoms is increased, the comoving wavenumber at which the power spectrum significantly departs from the ΛCDM case is increased. This makes sense since a higher binding energy implies an earlier dark recombination and kinetic decoupling, therefore pushing the impact of the DM-DR coupling toward higher comoving wavenumbers.
In the two lowest panels of Fig. 12 , we keep the darkatom binding energy and mass constant but vary the dark fine-structure constant α D . We observe that as α D is decreased, the smallest comoving wavenumber affected by the DAOs moves toward higher values. At first, this seems counterintuitive as a higher value of the dark coupling constant generally leads to a lower residual ionization fraction which in turns allows the dark photons to rapidly decouple from the DM. We must however remember that dark photons also interact with neutral dark atoms through Rayleigh scattering. It is also instructive to consider the correlation function of matter fluctuations in configuration space. The linear correlation function is related to the matter power spectrum via a 3D Fourier transform which, after simplification, can be reduced to
where j 0 (kr) is the Spherical Bessel function of order 0. In Fig. 13 , we display the linear correlation function computed from the three matter power spectra shown in Fig. 12 as well as the correlation expected from a standard ΛCDM model. In all cases, the usual BAO scale is clearly visible around r ∼ 104h −1 Mpc. In a similar manner, the novel DAO length scale appears as a local enhancement of the correlation function at the scale corresponding to the sound horizon of the dark plasma at dark decoupling. On scales smaller than this sound horizon, the correlation function is significantly damped compared to the ΛCDM case, a consequence of the damping of small-scale fluctuations discussed above.
At late times, the key signature of these new features in the matter power spectrum and correlation function is a minimal DM halo mass. Indeed, since most of primordial fluctuations on scales smaller than the dark-plasma sound horizon are effectively wiped out by the diffusion of dark photons, no self-bound object can form at late times at these scales. The first regions that can collapse into self-bound DM halos must then have a minimal initial comoving size ∼ r DAO . Therefore, the first DM halos have a minimal mass given approximately by
In the hierarchical model of structure formation, these first halos are then accreted into larger, more massive halos. While some of these minimal-mass halos are destroyed through tidal stripping in larger halos, it is expected that a certain fraction of them remains as discrete sub-halos in larger bound objects such as galactic halos. These could potentially be detected through stronglensing studies of substructures inside galactic halos (see e.g. [106] ). Indeed, there is currently a growing scientific effort aimed at developing analytical methods and experimental techniques geared toward the detection of small-scale substructures inside galactic halos [107] [108] [109] [110] [111] [112] [113] .
While current results mostly point out the existence of individual massive subhalos in galactic strong lenses [114] [115] [116] , statistical analyses of multiple-image lenses have the potential to lead to strong constraints on the possible minimal subhalo mass. Thus, it is not unreasonable to think that this tell-tale signature of atomic DM might be detected in the near future. Currently, the most stringent constraints on the smallscale matter power spectrum come from the Ly-α forest data [117] [118] [119] . There is however considerable systematic uncertainties in converting the Ly-α flux power spectrum to the actual linear matter power spectrum [120] . Most studies have assumed a power-law spectrum with a running spectral index. Since atomic DM predicts a much more complex shape of the matter power spectrum, it is not straightforward to apply these constraints to this scenario. In reality, hydrodynamical simulations of the Ly-α flux power spectrum in the atomic DM scenario will be required to derive the appropriate Ly-α constraints. We can nevertheless use the current measurements to obtain rough guidelines. Ref. [121] has found no deviation from the standard ΛCDM scenario on scales k < 2 h Mpc −1 , while Refs. [117, 122, 123] have determined that the linear power spectrum is consistent with CDM on scales k 5 h Mpc −1 . Pending unforeseen physical effects, it is unlikely that atomic DM can have a large impact on these scales while leaving the Ly-α flux power spectrum unchanged. We therefore demand that the atomic DM linear power spectrum does not significantly deviate from that of a vanilla ΛCDM cosmology on those scales. More precisely, we compute two constraints:
, where we have defined k DAO ≡ π/r DAO . These bounds correspond to M min ≈ 10 13 M and M min ≈ 9.3 × 10 10 M , respectively.
We show this constraint in the atomic binding energy, the kinetic decoupling of the DM happens very early (even for α D ∼ O (1)) and leads to a minimal halo mass M min 10 7 M which is unconstrained by data.
To modify the faint-end of the galaxy luminosity function and bring it in agreement with the data, atomic DM needs to modify the properties of halos in the range Detailed N -body simulations will be required to assess how the atomic DM scenario exactly affects the halo mass function and density profile, but it is clear that there are allowed values of the dark parameters that can directly address some of the dwarf-galaxy problems.
For completeness, we also mention in passing that the dark radiation has a small impact on the evolution of DM perturbations even for modes that enter the horizon after dark kinetic decoupling in the radiation era. Indeed, the free-streaming dark radiation amplifies the DM fluctuations as they enter the horizon due to their impact on the rapidly decaying gravitational potential. To illustrate this effect, we must however be careful since the presence of extra radiation shifts the epoch of matterradiation equality z eq and the angular scale of the CMB sound horizon at decoupling θ s . Since these quantities have been precisely measured by experiments, we should keep them fixed as we vary the amount of dark radiation. This entails to adjusting the physical DM density (Ω D h 2 ) and the Hubble constant to keep the redshift of equality and the angular scale at decoupling unchanged. We keep Ω b h 2 fixed throughout since the CMB tightly constrains its value.
We illustrate in Fig. 14 the linear matter power spectrum for different values of the ratio of the dark sector temperature to the CMB temperature. We clearly observe that as ξ is increased, the amplitude of Fourier modes crossing into the Hubble horizon in the radiation era are enhanced. In addition to the previously mentioned effect caused by the decaying gravitational potential, this enhancement is also caused by the larger DM density of model with high values of ξ. Indeed, the matter fluctuation spectrum is sensitive to the ratio Ω b /Ω m , since baryons are withheld from gravitational collapse prior to hydrogen recombination. As the total matter density is increased for a fixed amount of baryons, more matter can form gravitationally-bound structure and the fluctuation spectrum is therefore enhanced. Ref. [104] determined that about a third of the amplification comes from the increase in the radiation density while the rest can be attributed to the larger DM fraction.
B. Cosmic Microwave Background
We begin our study of the impact of the atomic DM scenario on the CMB by considering how the modified evolution of cosmological perturbations alter the spectra of temperature and polarization anisotropies. The CMB features caused by changes in the fluctuation evolution are more interesting than those resulting from the modified background cosmology since they are potentially unique to the atomic DM scenario (or, more generally, to theories incorporating dark plasmas). To isolate the impact of the fluctuations, it is important to keep fixed quantities that only depend on the background cosmology. These are z eq , θ s , the dark energy equation of state parameter w, the CMB acoustic damping scale r d , and physical baryon density Ω b h 2 . With these quantities fixed, we wish to determine if it is possible to distinguish an atomic DM model from a ΛCDM model containing an equivalent number of relativistic degrees of freedom. As we discuss below, the answer is positive.
To address the issue at hand, it is instructive to first review the impact of relativistic neutrinos on the CMB in the radiation-dominated era. The key point that distinguishes relativistic neutrinos from regular photons is their free-streaming nature. Indeed, while photons can only begin free-streaming after they decouple from the baryons at redshift z ∼ 1100, neutrinos are generally assumed to have free-streamed since a very early epoch. This has two important consequences for the physics of the CMB [104] . First, the free-streaming of neutrinos causes a phase shift of the acoustic oscillations upon their entry into the horizon. Second, the impact of freestreaming radiation on the gravitational potential generates a uniform suppression of the CMB oscillation amplitude across all multipoles. Both outcomes can be traced back to the facts that: (1) neutrinos propagate supersonically with respect to the baryon-photon plasma and can thus establish metric fluctuations beyond the sound horizon of the CMB; and (2) the free propagation of neutrinos sources the growth of anisotropic stress on all scales (including superhorizon modes), hence affecting the gravitational source terms in the photon equations of motion.
We would like to determine how the above repercussions on the CMB change when we substitute a dark photon for a relativistic neutrino. As with the regular photons, the fundamental difference between the dark photons and the neutrinos is that the former can only start free-streaming after they decouple from the DM (see [124] for a similar phenomena involving only neutrinos). This immediately suggests a possible way to distinguish the atomic DM scenario from a ΛCDM model containing extra relativistic neutrinos. Indeed, if the dark photons begin free-streaming while the length scales relevant to the CMB are entering the horizon, then the phase shift and amplitude suppression associated with the free-streaming of radiation will not be uniform across all the CMB multipoles. Small-scale modes entering the horizon while the dark photons are still coupled to the DM will not be affected by the phase shift and amplitude suppression while larger scales entering after dark-photon decoupling will be affected, as long as they become subhorizon during radiation domination. These non-uniform phase shifts and suppressions of power across multipoles constitute the tell-tale signature of a relativistic degrees of freedom decoupling from the plasma while the Fourier modes important to the the CMB are subhorizon.
In Figs. 15 and 16 , we compare the temperature and polarization CMB power spectra for atomic DM models having different binding energy. We also show the CMB spectra of a ΛCDM model incorporating the same amount of additional relativistic degrees of freedom as the atomic DM models such that all the spectra shown have the same cosmological background evolution. The upper panels show the spectra themselves while the lower panels display the relative differences between the atomic DM spectra and the corresponding ΛCDM model. We immediately notice that as the binding energy is increased, both temperature and polarization power spectra converge toward the ΛCDM model containing extra neutrinos. Indeed, as the binding energy of dark atoms is made larger, dark photons decouple earlier from the DM and can therefore begin free-streaming at an earlier epoch, making them hard to distinguish from relativistic neutrinos.
For both temperature and polarization spectra, the key physical signatures that distinguish dark photons from neutrinos are clearly visible. First, let us discuss the amplitude suppression associated with the free-streaming radiation. We see that, compared with the ΛCDM model containing extra radiation, the amplitude of the CMB spectra for the atomic DM scenario are less suppressed, with the high-l multipoles being the least affected by the suppression. This is in line with our expectations since high multipoles enter the horizon before the dark photons have the chance to significantly free-stream and are therefore more immune to the suppression. ΛCDM model. To understand this difference, we need to invoke the important phase shifts between the atomic DM and ΛCDM models as well as the different growth history of the DM fluctuations in the two scenarios.
The effect of the phase shift is most visible for the B D = 1 keV model. Indeed, since dark photons in this model are just beginning to free-stream when most Fourier modes contributing to the CMB enter the horizon, these do not experience the same phase shifts as the ΛCDM model. This can be most clearly discerned in the polarization spectrum (Fig. 16) . There, we see that the phase difference between the atomic DM models and the ΛCDM containing extra neutrinos becomes progressively larger toward higher multipoles. This is exactly what we expect since the high multipoles enter the horizon before they can be affected by dark-photon free-streaming, while smaller multipoles experience a phase shift that progressively converges toward the pure neutrino case as l is lowered. One of the key feature of this drifting phase shift is that it converges toward constant values for both l l dec and l l dec , where l dec corresponds to the multipole that crosses into the horizon as dark photons begin free-streaming. This contrasts with phase shifts caused by a change in the angular scale of the sound horizon which act multiplicatively l → αl. We show in Fig. 17 the damping tail of the EE-polarization spectrum for the B D = 1 keV model. To illustrate the constant phase shift at l l dec (∼ 500 here), we have shifted its spectrum by ∆l ∼ −8.5. We see that the phase of the shifted spectrum matches very well that of the ΛCDM model containing extra relativistic neutrinos, hence showing the phase shift does asymptote to a constant at high multipoles.
There is an important ramification to the above observations. Since the CMB temperature anisotropies are sensitive to the DM-dominated gravitational potential at the epoch of last scattering, any significant modification to the growth history of DM density perturbations will be reflected in the C T T l power spectrum. As we discussed in section IV C, DM fluctuations cannot grow as long as they are coupled to the DR. In the matter-dominated era, growing DM fluctuations are usually responsible for establishing the gravitational potentials that act as a restoring force to counterbalance the pressure of the photons. If DM perturbations are prohibited to grow by their We show here that, in the atomic DM scenario, multipoles that enter the Hubble horizon before dark photons begin free-streaming do not experience the constant phase shift toward smaller l that usually characterizes models with extra relativistic degrees of freedom. To illustrate this, we have shifted the atomic DM spectrum by ∆l = −8.5 and observed that the phases of both spectra coincide. coupling to the DR, then the gravitational potentials cannot be established and the gravitational source term acting on photon fluctuations is much weaker. Observationally, this has the consequence of altering the ratios of the odd and even peaks of the CMB spectrum, with the odd peaks being suppressed on scales where DM fluctuations cannot grow. Indeed, the odd peaks correspond to gravity-driven compression waves which are very sensitive to the size of the DM fluctuations. The lower panel of Fig. 15 clearly shows the deep troughs associated with the damping of the odd C T T l peaks caused by the late kinetic decoupling of DM for the models with B D = 1 and 2 keV. Unfortunately, models displaying such significant suppression of odd C T T l peaks at high multipoles have very low values of σ 8 and violate the Ly-α bound on k DAO are therefore ruled out by observations. We now turn briefly our attention on how the atomic DM scenario affects the CMB through its impact on the background cosmology. Since atomic DM modifies the background evolution by the presence of the DR, the effects on the CMB are not unique but common to any theory incorporating extra relativistic degrees of freedom. For completeness, we nevertheless discuss their effects here. These include a modification of the primordial helium abundance, a change to the angular scale of the sound horizon at decoupling, a shift of the matterradiation equality epoch, an enhanced early ISW effect and a modified CMB damping tail.
Primordial Helium Abundance The impact of the relativistic dark components on the expansion rate during BBN tends to increase the primordial helium fraction through the approximate relation [69] Y p ≈ 0.2485 + 0.0016 (273.9 Ω b h 2 − 6)
where we have used the relation
between the number of additional neutrinos at BBN (∆N ν ≡ N ν − 3) and the relativistic degrees of freedom of the dark sector at that epoch. Since helium recombines before hydrogen at late times, a larger helium fraction leads to a net decrease in the free-electron fraction around z 1100. Consequently, the photons can diffuse more easily out of inhomogeneities and damp temperature and polarization anisotropies on scales smaller than the diffusion length. Therefore, we generically expect the CMB to display less power on small angular scales for atomic DM scenarios predicting a large primordial helium fraction [104, 105] . Angular size of Sound Horizon, Matter-Radiation Equality and Early ISW The presence of the dark photons affects the size of the baryon-photon sound horizon through its impact on the Hubble expansion rate prior to hydrogen recombination. The sound horizon of the baryonphoton plasma is given by
where a * is the scale factor at recombination and c
is the sound speed of the baryon-photon plasma. Since the extra DR works to increase the Hubble rate, the net effect is a smaller value of r (b−γ) s . As the angular size of sounds horizon is given by θ s = r (b−γ) s /D A , where D A is the angular-diameter distance to the last-scattering surface, we therefore expect the CMB acoustic peaks to be shifted toward smaller angular scales (higher multipoles l). This effect is illustrated in Fig. 18 where we display the temperature and E-polarization spectra for different values of ξ. The shift of the acoustic peaks to smaller angular scales is clearly visible for both types of spectra. Further, we see that the temperature anisotropies are amplified around the first acoustic peak as ξ increases. This is the result of the integrated Sachs-Wolfe (ISW) effect caused by the extra DR through its impact on the changing gravitational potential after recombination. Indeed, increasing ξ brings the epoch of matter-radiation equality closer to that of recombination, hence increasing the impact of radiation on the gravitational potential at late times. Silk Damping Tail If we fix the epoch of matter-radiation equality, the primordial helium fraction and the angular scale of the sound horizon at decoupling, increasing the energy density of the dark photons leads to an enhanced damping of the CMB anisotropies [105] . To understand the origin of this effect, we need to remember that the photon diffusion distance scales as r d ∝ H −0.5 (see Eq. (63)) while the angular diameter distance scales as H −1 . Thus, the damping angular scale θ d ≡ r d /D A effectively increases if the Hubble rate is sped up due to the presence of extra radiation. We therefore expect that as the value of ξ is raised, the CMB spectrum will be increasingly affected by Silk damping. This effect is shown in Fig. 19 where we clearly observe the decline in amplitude associated with the increasing DR density. In addition, if the primordial helium fraction was allowed to vary according to Eq. (79), this would further increase the amount of Silk damping. Therefore, it is clear that measurements of the CMB damping tail provide strong constraint on ξ.
In summary, beyond the impact of the atomic DM scenario on the background cosmology caused by the DR, we have identified four key cosmological signatures that distinguish the atomic DM scenario from a ΛCDM model We fix all other dark parameters to the values indicated on the plots. We keep fixed throughout the redshift of matter-radiation equality and the angular size of the baryon-photon sound horizon at decoupling. Here, the helium fraction is fixed to Yp = 0.24 to isolate the effect from the changing damping scale.
containing extra relativistic neutrinos. First, the emergence of the new DAO length scale in the late-time density field results in a minimal mass for the first DM protohalos that is generically larger than in the standard WIMP paradigm. Also, as the dark photons transition from being tightly-coupled to the dark plasma to a free-streaming state, they impart varying phase shifts and amplitude suppressions to the CMB multipoles entering the horizon. Importantly, these suppressions and phase shifts asymptote to constant values for l l dec and l l dec , a distinct feature of atomic DM that is not easily reproduced in the ΛCDM scenario. Furthermore, we have shown that the odd C T T l peaks are suppressed on scales that enter the causal horizon before DM kinematically decouples. It is therefore clear that precise measurements on the CMB damping tail could provide meaningful constraints on the parameter space of atomic DM. We should however keep in mind that the modified evolution of DM and DR fluctuations can only affect the CMB if the dark sector kinetic decoupling happens close enough to the epoch of last scattering. As such, a non-detection of these signatures effectively puts a lower bound on the redshift of kinetic decoupling which itself depends on a combination of α D , B D , m D , and ξ.
VI. ASTROPHYSICAL CONSTRAINTS ON ATOMIC DARK MATTER
As the Universe expands and cools down, non-linear structures begin to emerge and eventually form presentday astrophysical objects such as galaxies and clusters of galaxies. The internal dynamics of these objects is deeply influenced by the microphysics governing DM because the latter contributes the vast majority of the mass inside these objects. Since the atomic DM scenario naturally incorporates new interactions in the dark sector, it is important to discuss its implications for the dynamics of DM halos on a wide range of scales.
On one side, observations indicate that the DM halos of elliptical galaxies and clusters display a triaxial ellipsoidal shape [34, [125] [126] [127] [128] [129] [130] [131] [132] [133] . This indicates that the relaxation (thermalization) time of their DM halos is much longer than the typical dynamical time of these celestial objects. From this observation, one can obtain a bound on the elastic collisional rate of DM particles. Similarly, detailed studies of the Bullet Cluster provide direct constraint on the self-interaction cross section of DM [134] . However, these constraints have been shown to be weaker than those derived from the halo ellipticity [63] and we therefore do not consider them here.
On the other side, due to the rich internal structure of dark atoms, the atomic DM scenario inherently includes dissipation mechanisms that could potentially have dramatic effects on the dynamics of DM halos. Indeed, collisional excitations of dark atoms followed by darkphoton emissions provide a cooling mechanisms for DM that could drastically alter the internal structure of halos. Further, the chemistry of the dark sector naturally provides other heat-dissipation mechanisms such as molecular cooling. Fortunately, demanding that DM particles be effectively collision-less to preserve the structure of halos strongly hinder the efficiency of the atomic dissipative processes, rendering them mostly irrelevant. Similarly, the requirement that very few actual particle collisions take place in the dark sector most likely shut off any chemical reactions inside halos. We therefore do not further consider the possibility of dark chemistry.
A. Ellipticity of DM Halos
Collisions among the different constituents of the dark sector lead to a redistribution of the linear and angular momentum inside a DM halo. This tends to erase velocity correlations on halo scales and brings the DM halo closer to isothermality, effectively altering the halo structure and making it roughly isotropic. Since observations indicate that halo iso-density contours are elliptical and thus significantly deviate from isotropy, we conclude that the DM thermalization time is much longer than the dynamical timescale of halos. This in turns tightly constrains the rate of particle collisions in which a significant amount of momentum is exchanged.
In the atomic DM scenario, we need to consider collisions between the dark atoms, the dark electrons, and the dark protons. In total, this amounts to six different types of collisions: H-H, H-e, H-p, e-e, e-p, and p-p. Here, H stands for the dark atoms. Since we are most interested in dark sector that are mostly neutral when non-linear structures form, the contribution from the first three types of collision is expected to dominate. To compute the rate of collisions with large momentum exchange, we need the momentum-transfer cross section which is defined by
where dσ/dΩ is the elastic differential cross section. A detailed computation of the H-H, H-e and H-p momentum-transfer cross section is beyond the scope of this paper, but we can use the extensive literature (see e.g. [135] ) on the corresponding visible-sector cross sections to derive some general properties. We refer the reader to appendix D for further details. To a good approximation, the H-H, H-p, and H-e momentumtransfer cross sections are
where µ De = m D m e /(m D + m e ) m e and v is the relative velocity of the colliding dark ions or atoms. The ion-ion differential cross sections are simply given by the Rutherford scattering cross section. Performing the integral in Eq. 82 leads to
where θ i−j min is the minimum scattering angle. We take this angle to be given by the Debye screening length λ De of the dark plasma through the relation
and where n e is the number density of free dark electrons inside a DM halo. The momentum-loss rate of dark species i upon collisions with species j in a DM halo is given byṗ
where n j = n j (r) is the number density of specie j inside a halo, v is the relative velocity of the collision, ∆p i is the momentum loss in a single collision and f (v) is the velocity distribution which we take to be locally Maxwellian with velocity dispersion v 0
The momentum lost by particle i upon colliding with particle j is
where p i is the momentum of particle i. Normally, the momentum loss is weighted by a factor (1 − cos θ), but we have absorbed this factor into the momentum-transfer cross section. The rate of momentum-changing collisions between dark species i and j is defined as
wherep i is the momentum of particle i averaged over the velocity distribution given in Eq. (92) . With the help of the above momentum-transfer cross sections, these collisions rates are
In the above, Γ(x) is the Gamma function. The rates for the opposite processes are obtained by rescaling the above rates with the appropriate mass densities
In the case for which m e m p , m D , we see that Γ pe Γ ep and Γ He Γ He if the abundance of dark atoms and dark ions is roughly similar. This is reasonable: a heavy dark proton needs to scatter off many light dark electrons before its momentum is significantly affected. Conversely, a dark electron's momentum can be dramatically changed by a single collision with a dark proton or a dark atom. However, since the dark electrons are usually much lighter than the dark protons and therefore carry a small fraction of the overall halo mass, these high-momentum-transfer collisions do not affect the ellipticity of DM halos. Therefore, we do not consider any further the scattering of dark electrons (that is, we neglect ee, ep and eH collisions). In the case where the dark proton and the dark electron are nearly degenerate in mass, constraints on dark proton collisions naturally engulf the dark electron constraints so we can still neglect them.
Detailed simulations of self-interacting DM halos have shown that DM particles forming the bulk of the matter density can undergo up to 10 hard scatters in a Hubble time before the ellipticity of halos is adversely affected [136, 137] . Therefore, the ellipticity of DM halos is preserved if we have
where Γ coll is the overall hard-scatter rate of the dark sector. The total collision rate inside a halo is the sum of the individual rates weighted by the relative abundance of each dark species
and
To compute the above constraint, we need to specify the density profile of both dark ions and dark atoms as well as the velocity dispersion v 0 (r). The main difficulty here is that the actual density profile of each dark constituents is itself determined by their collisional rates. For example, if the dark ions undergo many hard scatters among themselves within the typical dynamical time of a galaxy, they settle into their own isothermal density profile [43] , while the neutral dark atoms maintain their CDM-like profile. This implies that the local ionized fraction inside a DM halo can vastly differs from the background values computed in section III B (by several order of magnitudes in some cases). To complicate matters further, collisions between dark atoms in the central region of halos likely lead to the formation of a cored density profile. Therefore, it is clear that detailed N -body simulations would be required to determine the actual density profile of each dark constituent.
We can nevertheless derive conservative constraints on atomic DM by making some simple assumptions. We first assume halos to be locally neutral such that n e (r) = n p (r). We further assume the ionized component of the DM follows the total density profile, that is, n e (r) = n p (r) =x D n D (r). Similarly, n H (r) = (1 −x D )n D (r). We take the halo ionized fraction (x D ) to be equal to the late-time ionized fraction of the background, that is x D = x D (z = 0). It is important to emphasize that the above prescription is not accurate since the ionized and neutral components generally have different density profiles [43] and the ionized fraction inside halos may significantly differ from the overall background cosmological values. As such, the bounds derived from these assumptions should therefore be considered as upper limits on how limiting the ellipticity constraint can be. The actual bounds on the parameter space of atomic DM are potentially much less constraining. Nevertheless, the above treatment is expected to be fairly accurate forx
While it is true that the most stringent constraints on halo ellipticity (see e.g. [63] ) come from the inner part of galactic halos, it is unclear how these bounds apply to atomic DM. Indeed, ellipticity constraints strongly depend on the local DM density in the inner central region of halos. The latter is usually obtained by fitting a predefined halo profile (e.g. NFW) to the data [138] . Since atomic DM generally admits a different halo shape, we cannot blindly apply these results to the atomic DM scenario. We therefore resort to typical values of the DM density and velocity dispersion inside galactic halos. Explicitly, we evaluate the above constraints using ρ D 3, 1, and 0.3 GeV/cm −3 . We take the velocity dispersion to be v 0 250 km/s. The number density of DM particles is then given by
We display in Fig. 20 the constraints on α D and m D for six different values of the atomic binding energy. We display the three disfavored contours corresponding ρ D 3, 1, and 0.3 GeV/cm −3 . We observe that for 10 keV B D 100 keV, there is little parameter space for which the dark sector is mostly neutral and is not in tension with the ellipticity constraint. As the binding energy is increased above this threshold, a large allowed parameter space opens up since the atomic geometric cross section rapidly decreases as the binding energy climbs up in value. Below 10 keV, another unconstrained region opens up at large coupling constant values and masses. This is caused by the collision energy approaching the excitation threshold of the dark atoms. As this limit is approached, the momentum-transfer cross section for atom-atom scattering become more and more suppressed, while the inelastic channels start to growth in importance. The inelastic cross sections are however much smaller than the elastic ones (∼ πa MeV. We however reiterate that the constraints shown in Fig. 20 are conservative, especially in the regions where 1% x D 99% for which detailed simulations of darkatomic halos will likely be required to assess the validity of the bounds. Indeed, if the typical hard-scatter timescale of dark ions is shorter than the dynamical time of a galaxy, we can safely assume that the dark ions settle into a separate isothermal density profile [43] . In the presence of a sizable population of neutral dark atoms, the overall DM halo can however still display significant ellipticity if the dark atoms are themselves mostly collisionless. Since the isothermal ionic halo is typically much more diffuse [43] than the neutral one, ion-ion and ionatom interactions are probably much more suppressed than our naive estimate suggests. This is likely to open up much of the parameter space for 1% x D 99%.
In the case where the dark ions form the majority of the matter density inside halos, the ellipticity constraints derived in the context of hidden charged DM apply [62, 63] . In this scenario, dark ions cannot settle into an isothermal profile without utterly violating the ellipticity of halos. Viable models can nevertheless be constructed by suppressing the dark fine-structure constant and by considering very large ions masses (such that the number density is low). Fortunately, as α D is increased and m D is decreased, more and more ions are bound into dark atoms hence softening the ion-scattering bound. In fact, since the early recombination rate scales as ∼ α 3 D while the ion-ion hard-scatter rates scale as ∼ α 2 D , the ionized fraction drops faster than the ion-ion momentum-transfer rate is increasing as the the dark fine-structure constant is dialed up. Thus, the atomic DM scenario naturally provides a way to evade the halo ellipticity constraints on hidden-charged DM.
In summary, while detailed simulations of DM halo formation in the atomic DM scenario are likely required to determine the exact constraints, it is clear that dark atoms lighter than 1 TeV are likely to lead to collisional DM that is in tension with the observed internal structure of halos, unless B D 1 MeV.
B. Cooling of DM Halos
Collisional excitation of dark atoms followed by the emission of a dark photon provides a natural cooling mechanism for DM. Since DM is observed to have very different properties than baryons (which are allowed to cool), collisional cooling of dark atoms must be suppressed. The easiest channel to excite a dark atom is through the hyperfine transition. The hyperfine splitting is given by
where g e 2 and g p 2 are the gyromagnetic ratio of the dark electron and dark proton, respectively. This transition can be excited when a dark atom in a spin singlet state collides with a dark ion or atom and undergoes a spin-flip to the triplet state. The cross section for this process is somewhat smaller than the elastic scattering cross section [135] . Therefore, it is most likely that all regions of parameters space where hyperfine emission leads to significant cooling are already ruled by the ellipticity constraint. To verify this, we compute the typical timescale for a dark atom to lose an O(1) fraction of its kinetic energy due to hyperfine emission. Assuming that this process is approximately governed by the geometric cross section, this timescale is
Demanding that this timescale be longer than the age of the Universe leads to no new constraints beyond those already plotted in Fig. 20 . Beyond the hyperfine transition, the other dissipative process that is relevant for dark atoms is the 1s → 2s, 2p collisional excitation. Heuristically, such inelastic collisions can only happen when the timescale of the collision is shorter than the typical timescale of the dark atoms 
According to Fig. 20 , all allowed regions of parameter space displaying a large fraction of neutral dark atoms have α D 10 −2 . Taking v to be approximately equal to the typical velocity dispersion inside a DM halo, we have v ∼ 10 −3 for galactic halos while v ∼ 10 −2 for galaxy clusters. It is thus clear that inelastic collisions can play no major role inside galactic halos while they could play a marginal role inside clusters. In the latter case however, the small number density of dark atoms coupled with the typically small inelastic cross sections (see e.g. [139] ) likely render inelastic collisions completely negligible inside clusters. We therefore conclude that inelastic processes do not constrain the atomic DM scenario beyond the regions of parameter space already ruled out by the ellipticity and the matter power spectrum bounds.
VII. DIRECT DETECTION
Most previous works on atomic DM [42] [43] [44] 140] have focused their attention on the potential direct-detection signatures. Since atomic DM can naturally scatter inelastically, it offers a mechanism to reconcile the annual modulation seen by DAMA [141] and CoGeNT [142] with the null signal of the CDMS [143, 144] and Xenon10 [145] [146] [147] experiments. The actual direct-detection results strongly depend on how atomic DM couples to the SM. In this section, we compare the atomic DM models which provide a good fit to the direct-detection data to our cosmological and astrophysical constraints derived above.
In Ref. [42] , the authors considered a model in which dark fermions are axially coupled to a broken U (1) which mixes with the SM hypercharge. Fig. 20 to the appropriate binding energies, we find that these values lie on the edge of the ellipticity bound and are therefore marginally allowed by our constraints.
In Ref. [43] , the authors considered a similar broken axial U (1) model which mixes with the SM hypercharge. In this work, they show that an atomic DM scenario with E hf ∼ 5−15 keV with dark fermion masses m e ∼ m p ∼ 5 GeV could reconcile the CoGeNT data with the count rate seen by the CRESST experiment [148] . This corresponds to an atomic DM scenario with α D ∼ 0.03, B D ∼ 1 MeV and m D ∼ 10 GeV. This model is in serious tension with the halo constraint shown in Fig. 20 and is therefore likely to lead to collisional DM which would dramatically affect the structure of halos.
In Refs. [44, 140] , the authors considered atomic DM models where the dark photon mixes with the regular photon. This effectively gives small standard electromagnetic charges to the dark fermions. The authors concluded that scenarios with α D ∼ 0.04 − 0.06, B D ∼ 2 − 5 MeV and m D ∼ 6 − 10 GeV predict the right cross section to explain the DM events recorded by the CoGeNT collaboration. These values are however clearly in tension with the halo ellipticity bound. Nevertheless, since they lie close to the boundary with the allowed region and since our constraints are conservative, detailed Nbody simulations will be required to assess whether this model is ruled out or not.
We observe that dark-atom models capable of explaining the current direct-detection experiments are at best marginally allowed by our conservative astrophysical constraints. This stems from the fact that direct-detection experiments generally favor m D ∼ 1 − 10 GeV while the halo constraint typically imposes m D > 1 TeV, unless B D 1 MeV. From the point of view of direct detection, the main challenge for building a successful atomic DM theory is to avoid strong elastic scattering off nuclei while allowing for enough inelastic collisions to explain both DAMA and CoGeNT. The study of atomic DM models that could be in agreement with both the direct-detection data and the astrophysical constraints are left for future work.
VIII. DISCUSSION
We have presented in this work a thorough study of a dark sector made up of atom-like bound states. This model naturally incorporates extra relativistic degrees of freedom whose presence are currently favored by CMB experiments. The observed primordial abundances of light elements constrain the temperature of DR to be somewhat cooler than the CMB, with an upper bound given approximately by T D /T CMB < 0.8 at z = 0. We have revisited the atomic physics necessary to describe the processes of dark recombination, thermal decoupling, and kinetic decoupling. We find that in some cases, the inclusion of physics beyond that of standard atomic hydrogen is required to properly describe these transitions. In particular, we find that bound-free processes such as photo-ionization heating and photo-recombination cooling are key to determine the thermal decoupling epoch of weakly-coupled atomic models. For strongly-coupled dark atoms, we have shown that the addition of Rayleigh scattering can significantly delay the kinetic and thermal decoupling of DM.
We have solved the linear cosmological perturbation equations, taking into account the interaction between DM and DR and showed that atomic DM can go through various regimes as time evolves and as the dark parameters are varied. In particular, the DR pressure leads to strong acoustic oscillations for Fourier modes entering the Hubble horizon prior to the dark drag epoch. Further, diffusion and acoustic damping severely suppress the amplitude of DM fluctuations on scales shorter than the sound horizon at kinetic decoupling. At late times, these features remain imprinted on the matter power spectrum. Importantly, the atomic DM scenario introduces the new DAO length scale in the density field which basically determines the minimal DM halo mass. We have shown that observations of Ly-α forest flux power spectrum put an upper bound on the size of the DAO scale and rule out a large fraction of atomic DM models with B D 1 keV.
We have performed a detailed study of the impact of the atomic DM scenario on the CMB. We have determined that the largest impact on the CMB in this model is due to the presence of dark photons. If dark photons begin free-streaming at a very early epoch, their impact on the CMB is likely indistinguishable from that of extra relativistic neutrinos. On the other hand, if dark photons decouple from DM when Fourier modes relevant for the CMB are inside the horizon, then the atomic DM scenario predicts CMB signatures that are difficult to reproduce with only relativistic neutrinos. These signatures include non-uniform phase shifts and amplitude suppressions of the temperature anisotropy power spectrum. The clearest CMB signature of the atomic DM scenario is a nonuniform phase shift of the polarization power spectrum that asymptotes to a constant at both large and small scales.
These signatures can only be present if the dark photons form a sizable fraction of the radiation energy density (ξ 0.6) and if they decouple at a late enough redshift, which usually requires B D 10 keV. These relatively low atomic binding energies are however strongly constrained by both the Ly-α data and the halo ellipticity requirement. For the remaining allowed parameter space, dark photons generically decouple too early to have an impact on the CMB that is noticeably different from that of standard relativistic neutrinos. It is therefore unlikely that the CMB can be used to learn about the simplest atomic DM model discussed here. Nevertheless, in a more general model where dark radiation only couples to a certain fraction of the DM, it is possible that the former could significantly affect the CMB without modifying the small-scale matter power spectrum. This is an intriguing possibility that we leave for future work.
The strongest constraint on atomic DM comes from requiring that DM is effectively collision-less inside galactic halos. This stems from the fact that atoms naturally have much larger geometric cross sections than point particles. Since this geometric cross section scales as B −2 D , the halo constraint favors a large binding energy, with models having B D 10 MeV largely unconstrained. Unsurprisingly, this corresponds to the regime where atomic DM closely resembles a standard WIMP particle. For B D 1 keV, the ellipticity and Ly-α constraints favor a dark sector that is mostly ionized at all times. Our constraints in these regions of parameter space are similar to those found in Refs. [62, 63] . Importantly, we have shown that inelastic processes are inefficient at dissipating the energy of dark atoms in all the regions that are not already ruled out by the halo and the small-scale power spectrum bounds. Overall, it is clear that preserving the observed ellipticity of halos severely limits the possible interactions between DM particles.
Since the atom-atom, ion-atom and ion-ion cross sections are all velocity dependent, atomic DM can provide enough interactions to smooth out the central region of small satellites galaxies while retaining the ellipticity of large galactic and cluster halos. Furthermore, atomic DM scenarios predicting a minimal halo mass in the range M min ∼ 10 8 − 10 10 M have the potential to affect the faint-end of the galaxy luminosity function and bring it in line with observations. In addition, the presence of an ionized component naturally makes the halo more diffuse and could potentially alleviate the so-called "too big to fail" problem [14, 15] M and lies at the boundary of the collisional constraint, meaning it could contain enough interaction to form cores in galactic halos while retaining their overall ellipticity. A detailed numerical study will be necessary to assess the success of this model.
One issue that we have not touched upon in this work is the possibility of dark magnetic fields. These have the potential to significantly alter structure formation unless there is a mechanism that naturally suppresses their amplitude and range. The simplest way to achieve such suppression is to break the U (1) D gauge force by introducing a small dark-photon mass. This is an intriguing possibility since, although a minute mass is needed to quench large-scale magnetic fields, a mass whose Yukawa length is comparable to the size of a dark atom could considerably alleviate the halo constraint by shrinking the size of the atomic cross section and by limiting the range of ion-ion interactions. One would however have to revisit the atomic physics described in section III to make quantitative predictions about the thermal history of such a dark sector. We leave the study of such a model to future work.
Direct-detection data favor light atomic DM candidates which are in tension with the halo constraint. Nevertheless, the direct-detection signatures strongly depend on how dark atoms couple to the SM. Whether a successful model which agrees with both the halo and directdetection constraint could be constructed remains an open question. While an explicit model would have to be specified in order to make quantitative predictions, we emphasize that dark atoms are still a viable DM candidate from the point of view of both astrophysics and direct detection. In this appendix, we compute the rates governing the energy exchange between the DM and the DR.
Photo-Ionization Heating Rate
The photo-ionization heating rate is given by [72] :
where the sum runs over all atomic states specified by the quantum numbers n ≥ 2 and l ≤ n−1, n nl represents the number density of dark atoms in state nl and γ nl (κ) is defined in Eq. (17). We do not include bound-free transitions to and from the ground state since recombination directly to the 1s state results in the emission of an energetic photon that is immediately reabsorbed by a nearby neutral atom, hence resulting in no net cooling or heating. We assume that the occupations numbers of excited states are in Boltzmann equilibrium with the 2s state n nl = n 2s g nl g 2s e
where g nl is the degeneracy of the energy level with quantum numbers nl. This approximation is valid as long as B D (T D ) H. Performing the momentum integration in Eq. (C1) and computing the sum over atomic states up to n max = 250 yield a photo-ionization heating rate of the form
F p−i (y) is a dimensionless universal function encoding the remaining of the temperature dependence of the photo-ionization heating rate. It is shown in Fig. 21 . This function is well-fitted by 
Photo-Recombination Cooling Rate
The rate of photo-recombination cooling is given by [72] Π p−r = n,l 
As before, we do not consider recombination directly to the ground state. Computing the momentum integral and summing over all atomic states up to n max = 250 yield a photo-recombination cooling rate of the form
where F p−r is a dimensionless universal function. We illustrate its behavior in Fig. 22 .
Free-Free Cooling and Heating
The free-free emission (absorption) process refers to the emission (absorption) of a dark photon by a dark electron due to its acceleration in the Coulomb field created by a dark proton. For atomic DM, we are mostly interested in the emission and absorption of dark radiation by thermal dark electron obeying a Maxwell-Boltzmann velocity distribution. The rate for thermal Bremsstrahlung cooling is [150, 151] Π ff−c = 16α
whereḡ ff is the free-free velocity-averaged and frequencyaveraged Gaunt factor, which is of order unity. The inverse process of thermal free-free absorption is characterized by the following absorption coefficient [151] 
where g ff ν is the velocity-averaged free-free Gaunt factor and ν is the frequency of the incoming dark photons. The total amount of energy absorbed through free-free interactions per unit volume per unit time is then Π ff−h = 4π (C10) In the limit of quasi thermal equilibrium, 1, we can expand the integrand as a power series in and compute the frequency integral order-by-order in the frac-tional temperature difference. This leads to 
For numerical computation, we takeḡ ff 1.3.
Rayleigh Heating
After the onset of recombination, dark photons can transfer energy to the DM sector via Rayleigh scattering off neutral dark atoms. The scattering cross-section for this process is given by [152] σ R (ν) ≈ σ T,D 81 64
where σ T,D ≡ 8πα 2 D /(3m 2 e ) is the dark Thomson crosssection and ν Lyα is the frequency of dark Lyman-α photons. This expression is valid for ν ν Lyα , which is realized for the large majority of dark photons after the onset of dark recombination. The net rate of energy transfer between dark photons and DM due to Rayleigh scattering is
where B ν (T D ) is the Planck function and ∆E R is the average net energy gained by a dark atoms in a Rayleigh scattering event. It is given by
where w = 75600ζ(9)/π 8 is a constant that can be determined using detailed balance. Substituting Eq. (C15) into Eq. (C14) and performing the integral over frequency yields the effective heating rate
where ζ(y) stands for the Riemann Zeta function. This expression is valid for T D B D which is always realized when a large population of neutral dark atoms is present.
Here, µ is the reduced mass of the colliding atoms, V s,t (R) is the interatomic potential in the singlet or triplet state, E is the relative energy of the collision and k = √ 2µE. In the semi-classical limit, the phase shift can be written as [135, 154] 
where R 0 and R 0 are the outermost zeros of the respective integrands. Now focusing on the atomic DM scenario, we would like to understand how the phase shifts are affected when the dark parameters α D , B D and m D are varied. These parameters enter the phase shifts through their contributions to the wave number k and to the molecular potentials V s,t (R). While it is out of the scope of this appendix to compute the molecular potentials of dark atoms, we can nonetheless extract general properties of these potentials by studying the case of standard molecular hydrogen. To gain insights into the scaling of the molecular potential with the dark parameters, let us briefly consider the Lennard-Jones potential [155] 
where the first term accounts for the short-range repulsive force due to Pauli blocking while the second term describes the long-range behavior of the interaction. Here, is a constant setting the depth of the potential well and R m is the distance where the potential admits a minimum. On purely dimensional ground, the typical energy scale of the molecular potential should be proportional to the atomic binding energy, that is, ∝ B D . Also, the typical atomic separation R m should be of the order of the dark atomic Bohr radius, R m ∝ a 0,D = 2α D /B D . We can thus write
where the "H" subscript stands for the standard baryonic hydrogen. Defining the dimensionless distance r ≡ R/a 0,D , we can write Eq. (D7) as [156] (purple squares) and positronium (Ps) [157] (blue disks) self-scattering. We have rescaled the energy dependence of the H-H cross section according to Eq. (D12) to compare it to the positronium cross section. We also display the momentum-transfer cross section we use for dark-atom scattering (Eq. (D15)).
where we used E = m H v 2 /4. In the limit where m e = m p , Eq. (D16) agrees within a factor of order unity with the positronium (Ps) self-scattering cross section [157] (see Fig. 23 ). At very low velocities (v 10 −4 ), the above expression likely overestimates the momentum-transfer cross section. However, since very little energy is transfered in these low velocity collisions, we do not expect this to have a large impact on our results.
H-p and H-e Cross Section
When a dark proton collides with a neutral dark atom such that no atomic transitions are excited, two distinct processes must be taken into account. The dark proton can either collide elastically on the dark atom or it can capture the dark electron in a symmetric charge transfer Similarly, when a dark electron encounters a neutral atom at low energy, it can either scatter elastically or eject the atomic dark electron and be captured by the atomic nucleus. Since the final products of these two types of processes are indistinguishable, they both need to be taken into account to accurately calculate the differential elastic cross section [135] 
where f d (θ) is the amplitude for the direct elastic scattering while f ex (θ) is the amplitude for the charge-exchange process. Quantum interference between these two types of elastic scattering generally implies that σ H−p,e mt = σ H−p,e el , in contrast to the symmetric atom-atom case.
Much of the above discussion for the atom-atom case applies here and we can relate the dark proton-atom and electron-atom momentum-transfer cross section to that of standard proton-hydrogen and electron-hydrogen scattering as 
The main reason for this large difference is that the electron-hydrogen differential cross section is strongly peaked in the forward direction, which implies small momentum transfer. One the other hand, the protonhydrogen differential cross section has a significant backward peak which contributes substantially to the overall momentum-transfer cross section. Phenomenologically, we can take this into account by rescaling the cross sec- [158, 159] (purple squares), from rescaling the proton-hydrogen cross section [156] (blue disks), and from rescaling the electron-positronium cross section [160] (yellow diamonds). We also display the momentum-transfer cross section we use for dark electron-atom scattering (Eq. (D23)).
